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In this paper, we present some sharp upper bounds for the number of spanning trees of
a connected graph in terms of its structural parameters such as the number of vertices,
the number of edges, maximum vertex degree, minimum vertex degree, connectivity and
chromatic number.
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1. Introduction
Let G be a simple connected graph with vertex set V (G) = {v1, v2, . . . , vn} and edge set E(G). Its order is |V (G)|, denoted
by n, and its size is |E(G)|, denoted bym. For v ∈ V (G), let NG(v) (or N(v) for short) be the set of vertices which are adjacent
to v in G and let d(v) = |N(v)| be the degree of v. The maximum and minimum degrees of G are denoted by ∆ and δ,
respectively. For any e ∈ E(G), where G is the complement of the graph G, we use G + e to denote the graph obtained by
adding e to G. Similarly, for any setW of vertices (edges), G−W and G+W are the graphs obtained by deleting the vertices
(edges) in W from G and by adding the vertices (edges) in W to G, respectively. For any nonempty subset V1 of V (G), the
subgraph of G induced by V1 is denoted by G[V1]. Readers are referred to [1] for undefined terms.
The number of spanning trees of G, denoted by t(G), is the total number of distinct spanning subgraphs of G that are
trees. We consider the problem of determining some special classes of graphs having the maximum number of spanning
trees (or the maximum spanning tree graph problem). Being of interest from a mathematical point of view, this problem
also arises in some applications. One such application is in the area of experimental design (e.g., [2]). Another application
concerns the synthesis of reliable communication networkswhere the links of the network are subject to failure. The number
of spanning trees of the graph describing the network is one of the natural characteristics of its reliability. Although the
maximum spanning tree graph problem is difficult in general, it is possible to single out some classes of graphs where the
problem remains nontrivial and at the same time is not completely hopeless.
In this paper, we present some sharp upper bounds for t(G) in terms of graph structural parameters such as the number
of vertices, the number of edges, maximum vertex degree, minimum vertex degree, connectivity and chromatic number.
2. Preliminaries
Let A(G) and D(G) be the adjacency matrix and the diagonal matrix of vertex degrees of G, respectively. The Laplacian
matrix of G is defined as L(G) = D(G)− A(G), It is easy to see that L(G) is a symmetric positive semidefinite matrix having 0
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as an eigenvalue. The Laplacian spectrum of G is
S(G) = (µ1(G), µ2(G), . . . , µn(G)),
where µ1(G) ≥ µ2(G) ≥ · · · ≥ µn(G) = 0, are the eigenvalues of L(G) arranged in non-increasing order. We also call
µ1(G) and µn−1(G) the Laplacian spectral radius and the algebraic connectivity of the graph G, respectively. It is known that
a graph is connected if and only if its algebraic connectivity is different from zero. When one graph is under discussion, we
may write µi(G) instead of µi. For a connected graph of order n it has been proven [3, p. 284] that:
t(G) = 1
n
n−1∏
i=1
µi. (2.1)
Since L(G) + L(G) = nI − J , where I and J denote respectively the identity matrix and the matrix all of whose entries
being equal to 1, µi(G) = n− µn−i(G) for 1 ≤ i ≤ n− 1. In particular, µ1(G) = n− µn−1(G) and the following corollary is
immediate.
Corollary 2.1. Let G be a graph of order n. Then µ1(G) ≤ n with the equality if and only if G is disconnected.
Lemma 2.2 ([4]). Let G be a graph containing at least one edge. Then µ1(G) ≥ ∆(G) + 1. Moreover, if G is connected on
n > 1 vertices, the equality holds if and only if∆(G) = n− 1.
The star, the complete graph and the complete bipartite graph of order n are denoted by Sn, Kn and Ka, b (a + b = n),
respectively. The vertex-disjoint union of the graphs G and H is denoted by G ∪ H . Let G ∨ H be the graph obtained from
G ∪ H by adding all possible edges from vertices of G to vertices of H , i.e., G ∨ H = G ∪ H .
Lemma 2.3 ([5]). Let G and H be two connected graphs of order r and s, respectively. If
S(G) = (µ1(G), µ2(G), . . . , µr(G)) and S(H) = (µ1(H), µ2(H), . . . , µs(H)), then the Laplacian spectrum of G ∨ H are:
r + s, µ1(G)+ s, µ2(G)+ s, . . . , µr−1(G)+ s, µ1(H)+ r, µ2(H)+ r, . . . , µs−1(H)+ r, 0.
The connectivity κ(G) of a graphG is theminimumnumber of verticeswhose removal fromG yields a disconnected graph
or a trivial graph (i.e., a graph consisting of a single vertex), The edge-connectivity κ ′(G) is defined analogously. Fiedler [6]
proved thatµn−1(G) ≤ κ(G) ≤ κ ′(G) ≤ δ if G is non-complete. Kirkland [7], Li and Fan [8] gave a structural characterization
on graphs with µn−1(G) = κ(G) as follows.
Lemma 2.4 ([7,8]). Let G be a connected graph of order nwith 1 ≤ κ(G) ≤ n− 2. Thenµn−1 = κ(G) = k if and only if there
exists a vertex subset S ⊂ V (G) with |S| = k, such that G = G[S] ∨ (G1 ∪ G2 ∪ · · · ∪ Gm), m ≥ 2, and κ(G[S]) ≥ 2k − n if
b n2c < k ≤ n− 2.
Lemma 2.5 ([9]). Let G be a simple connected graph of order n. Then µ2 = µ3 = · · · = µn−1 if and only if G ∼= Sn, G ∼= Kn
or G ∼= K∆,∆.
Lemma 2.6 ([9]). Let G be a simple connected graph of order n. Then µ1 = µ2 = · · · = µn−2 if and only if G ∼= Kn or
G ∼= Kn − e, where e is any edge of Kn.
3. Main results
In this section, we present some sharp upper bounds for the number of spanning trees of G in terms of its structural
parameters such as the number of vertices, the number of edges, maximum vertex degree, minimum vertex degree,
connectivity and chromatic number.
First, we list three upper bounds for t(G) in terms of n,m and∆ as follows.
(1) Grimmett [10]
t(G) ≤ 1
n
(
2m
n− 1
)n−1
. (3.2)
The equality holds if and only if G ∼= Kn.
(2) Das [9]
t(G) ≤
(
2m−∆− 1
n− 2
)n−2
. (3.3)
The equality holds if and only if G ∼= Sn or G ∼= Kn.
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(3) Feng et al. [11]
t(G) ≤
(
∆+ 1
n
)(
2m−∆− 1
n− 2
)n−2
. (3.4)
The equality holds if and only if G ∼= Sn or G ∼= Kn.
We now state another upper bound for t(G) in terms of n, m, ∆ and δ, and characterize the graphs for which the upper
bound is attained.
Theorem 3.1. Let G be a simple connected graph of order n with m edges, with maximum degree∆ and minimum degree δ. Then
t(G) ≤ δ
(
2m−∆− 1− δ
n− 3
)n−3
. (3.5)
The equality holds if and only if G ∼= Sn, G ∼= Kn, G ∼= K1 ∨ (K1 ∪ Kn−2), or G ∼= Kn − e, where e is any edge of Kn.
Proof. From (2.1), we have
t(G) = 1
n
n−1∏
i=1
µi = µ1µn−1n
n−2∏
i=2
µi
≤ µn−1
n−2∏
i=2
µi, as µ1 ≤ n
≤ µn−1

n−2∑
i=2
µi
n− 3

n−3
= µn−1
(
2m− µ1 − µn−1
n− 3
)n−3
, as
n−1∑
i=1
µi = 2m
≤ µn−1
(
2m−∆− 1− µn−1
n− 3
)n−3
, as µ1 ≥ ∆+ 1.
Let f (x) = x( 2m−∆−1−xn−3 )n−3(0 < x ≤ δ). We have
f ′(x) = 1
n− 3
(
2m−∆− 1− x
n− 3
)n−4
[2m−∆− 1− (n− 2)x].
Then f (x) is an increasing function for x ∈ (0, 2m−∆−1n−2 ]. We have δ ∈ (0, 2m−∆−1n−2 ] since δ(n − 2) + ∆ + 1 ≤ 2m. Hence,
t(G) ≤ max0<x≤δ f (x) = f (δ) = δ( 2m−∆−1−δn−3 )n−3.
In order for the equality holds in (3.5), all the inequalities in the above argument must be equalities. Therefore, we have
µ1 = n, µ1 = ∆+ 1, µ2 = µ3 = · · · = µn−2 and µn−1 = δ.
Ifµ2 = µ3 = · · · = µn−1 = δ, then 2.5 implies that G ∼= Sn, G ∼= Kn or G ∼= Kδ, δ . Moreover, sinceµ1(G) = n = ∆(G)−1,
if G ∼= Kδ, δ , then δ = 1.
If n = µ1 = µ2 = · · · = µn−2, then 2.6 implies that G ∼= Kn or G ∼= Kn − e, where e is any edge of Kn.
If n > µ2 = µ3 = · · · = µn−2 > δ, then G 6= Kn. By Lemma 2.4. we conclude that G have the following
structure G[S] ∨ (G1 ∪ G2 ∪ · · · ∪ Gm), where m ≥ 2 and |S| = δ. Note that S(G) = (n, µ2, µ3, . . . , µn−2, δ, 0), then
S(G) = (n − δ, n − µn−2, n − µn−3, . . . , n − µ2, 0, 0). Hence, there are only two components in G. Moreover, since
µ1 = n, µ1 = ∆ + 1, there exists at least one vertex v ∈ S, such that d(v) = n − 1. Combining that, if |S| = δ ≥ 2, then
we can conclude that there are at least three components in G, which is a contradiction. Therefore |S| = δ = 1 and S(G) =
(n−1, n−µn−2, n−µn−3, . . . , n−µ2, 0, 0). Hence G = K1∪G′, where S(G′) = (n−1, n−µn−2, n−µn−3, . . . , n−µ2, 0).
Lemma 2.5 implies that G′ ∼= Sn−1 since µ2 = µ3 = · · · = µn−2 > δ = 1. Hence G ∼= K1 ∨ (K1 ∪ Kn−2).
The proof is completed. 
Remark 3.2. The upper bound in (3.5) is sharp for Sn, Kn, G ∼= K1 ∨ (K1 ∪ Kn−2) or Kn − e. But (3.2) is sharp only for Kn, (3.3)
and (3.4) are sharp for Sn or Kn.
Following we will consider the relations between the number of spanning trees of a graph and its structural parameters
such as connectivity and chromatic number, respectively. Before that we need the following proposition on t(G).
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Proposition 3.3. Let G be a non-complete connected graph. Then t(G) < t(G+ e).
Theorem 3.4. Let G be a connected graph of order n with connectivity κ . Then
t(G) ≤ κnκ−1(n− 1)n−κ−2. (3.6)
The equality holds if and only if G ∼= (K1 ∪ Kn−κ−1) ∨ Kκ .
Proof. If G = Kn, the result follows from the well-known Cayley formula t(Kn) = nn−2. In what follows, we shall consider
G 6= Kn. Let G∗ be a graph having the maximum number of spanning trees among all connected graphs of order n with
connectivity κ . Then there exists a vertex cut V0 ⊂ V (G∗) and |V0| = κ , such that G∗ − V0 = G1 ∪ G2 ∪ · · · ∪ Gt , where
G1,G2, . . . ,Gt are t (t ≥ 2) connected components of G∗ − V0. By Proposition 3.3, we have t = 2, G1, G2 and G[V0] are
complete, and any vertex of G1 and G2 is adjacent to any vertex in V0. Let ni = |Gi| for i = 1, 2. Then G∗ ∼= (Kn1 ∪ Kn2) ∨ Kκ
and n1 + n2 = n− κ . Assume that n1 ≤ n2. By Lemma 2.3 we have
S(G∗) = (n, . . . , n︸ ︷︷ ︸
κ
, n2 + κ, . . . , n2 + κ︸ ︷︷ ︸
n2−1
, n1 + κ, . . . , n1 + κ︸ ︷︷ ︸
n1−1
, κ, 0).
Hence,
t(G∗) = κnκ−1(n2 + κ)n2−1(n1 + κ)n1−1.
Let f (x) = (n− x)n−κ−1−x(x+ κ)x−1 with 1 ≤ x ≤ b n−κ2 c.
Let g(x) = ln f (x) = (n− κ − x− 1) ln(n− x)+ (x− 1) ln(x+ κ). Then
g ′(x) = ln x+ κ
n− x︸ ︷︷ ︸
<0
+
(
x− 1
x+ κ −
n− κ − x− 1
n− x
)
︸ ︷︷ ︸
<0
< 0
since x ≤ b n−κ2 c. Then f (x) is a decreasing function on x(1 ≤ x ≤ b n−κ2 c). Thus κnκ−1f (n1) is maximum if and only if n1 = 1.
Then G∗ ∼= (K1 ∪ Kn−κ−1) ∨ Kκ and t(G∗) = κnκ−1(n− 1)n−κ−2.
Hence (3.6) follows and equality hold in (3.6) if and only if G ∼= G∗ ∼= (Kn1 ∪Kn2)∨Kκ with n1 = 1. The result follows. 
Since κ((K1 ∪ Kn−κ−1) ∨ Kκ) = κ ′((K1 ∪ Kn−κ−1) ∨ Kκ), the following corollary is obvious.
Corollary 3.5. Let G be a connected graph of order n with edge-connectivity κ ′. Then
t(G) ≤ κ ′nκ ′−1(n− 1)n−κ ′−2.
The equality holds if and only if G ∼= (K1 ∪ Kn−κ ′−1) ∨ Kκ ′ .
A coloring of a graph is an assignment of colors to its vertices such that any two adjacent vertices have different colors.
The chromatic number χ(G) of the graph G is the minimum number of colors in any coloring of G. The set of vertices with
any one color in a coloring of G is said to be a color class. Evidently, any class is independent.
Lemma 3.6. f (x) = (n− x)x−1(n+ x− a)a−x−1 is an increasing function on x(1 ≤ x ≤ b a2c), where n ≥ a.
Proof. Let g(x) = ln f (x) = (x− 1) ln(n− x)+ (a− x− 1) ln(n+ x− a) (1 ≤ x ≤ b a2c). Then
g ′(x) = ln
(
n− x
n+ x− a
)
︸ ︷︷ ︸
>0
+
(
a− x− 1
n+ x− a −
x− 1
n− x
)
︸ ︷︷ ︸
>0
> 0
since x ≤ b a2c. Thus the result follows. 
Theorem 3.7. Let G be a connected graph of order n with chromatic number χ . Then
t(G) ≤ nχ−2(n− r)(r−1)(χ−s)(n− r − 1)sr .
The equality holds if and only if G = Kr, . . . , r︸ ︷︷ ︸
χ−s
, r + 1, . . . , r + 1︸ ︷︷ ︸
s
, where r, s are integers with n = rχ + s and 0 ≤ s < χ .
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Proof. Let G∗ be a graph having the maximum number of spanning trees among all connected graphs of order n with
chromatic number χ . Then V (G∗) can be partitioned into χ color classes, say V1, V2, . . . Vχ . Let |Vi| = ni for i = 1, 2, . . . , χ ,
then
∑χ
i=1 ni = n. Proposition 3.3 implies that G∗ = Kn1, n2, ..., nχ . Assume that n1 ≤ n2 ≤ · · · ≤ nχ . By Lemma 2.3 we have
S(G∗) = (n, . . . , n︸ ︷︷ ︸
χ−1
, n− n1, . . . , n− n1︸ ︷︷ ︸
n1−1
, . . . , n− nχ , . . . , n− nχ︸ ︷︷ ︸
nχ−1
, 0).
Hence,
t(G∗) = nχ−2
χ∏
i=1
(n− ni)ni−1.
If ni + 2 ≤ nj, Lemma 3.6 implies that (let ni = x and ni + nj = a in Lemma 3.6
(n− ni)ni−1(n− nj)nj−1 < [n− (ni + 1)](ni+1)−1[n− (nj − 1)](nj−1)−1.
Thus, by replacing any pair (ni, nj)with ni+2 ≤ nj by the pair (ni+1, nj−1) in the product∏χi=1(n−ni)ni−1, will increase
the product. By repeating this process, we find nχ−2
∏χ
i=1(n−ni)ni−1 with
∑χ
i=1 ni = n and 1 ≤ n1 ≤ · · · ≤ nχ is maximum
if and only if n1 = n2 = · · · = nχ−s = r and nχ−s+1 = · · · = nχ = r + 1, where r, s are integers with n = rχ + s and
0 ≤ s < χ . Then G∗ = Kr, . . . , r︸ ︷︷ ︸
χ−s
, r + 1, . . . , r + 1︸ ︷︷ ︸
s
and t(G∗) = nχ−2(n− r)(r−1)(χ−s)(n− r − 1)sr . The result follows. 
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